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Elimination of Aberrations Due to High-Order Terms
in Systems Based on Linear Time Lenses

Bo Li and Shuqin Lou

Abstract—Signal-processing systems based on linear time lenses
are realized by the combination of temporal quadratic phase
modulation (which is a time lens) and group-velocity disper-
sion. In practice, these systems suffer from aberrations due to
high-order phase-modulation terms in time lenses and aberra-
tions due to high-order dispersion in dispersive elements. We
find that these two kinds of aberrations can counterbalance each
other under certain conditions. In this paper we theoretically
derive and numerically confirm the aberration-elimination condi-
tions for several time-lens based systems, i.e., temporal imaging,
time-to-frequency mapping and frequency-to-time mapping of
optical pulse waveforms. In addition, a frequency-time diagram is
used to analyze the elimination process in order to illustrate the
physical mechanism.

Index Terms—Dispersion, frequency-to-timemapping, temporal
imaging, temporal phase modulation, time lens, time-to-frequency
mapping.

I. INTRODUCTION

T HE space-time duality arises from the equivalence
between the paraxial diffraction of a spatial field and

dispersive propagation of a temporal field [1]–[3]. The duality
implies that spatial optical components such as a lens have
temporal counterpart known as a time lens, which can be imple-
mented by applying a temporal quadratic phase shift. Using the
mature concepts of spatial-imaging systems, temporal imaging
[4], time-to-frequency mapping [5] and frequency-to-time
mapping [6] of optical pulse waveforms have been realized by
properly combining time lenses and group-velocity dispersion.
Time-lens based systems have many applications on ultrafast
optical processing and measurement, including waveform time
stretching [7], single-shot measurements on a timescale of sev-
eral tens of picoseconds [8], elimination of linear and nonlinear
fiber-propagation impairments [9], and arbitrary waveform
generation [10].
A time lens is conventionally implemented by imparting

a temporal quadratic phase shift across a signal. It can be
realized by linear [4]–[6], [10]–[17] or nonlinear [7]–[9],
[18]–[20] processes. In particular, linear time lenses offer
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important practical advantages over nonlinear implementa-
tions, including wavelength-preserving operation, lower power
consumption, and easier reconfiguration. Driven by a sinu-
soidal voltage, electro-optic phase modulators can provide
the required quadratic phase modulation, which is based on
linear process. However, the time lens based on electro-optic
phase modulation suffers from aberrations due to the inevitable
high-order phase-modulation terms arising from the deviation
of the practical sinusoidal modulation profile and the ideal
quadratic modulation profile. Thus, some aberration-correction
techniques were proposed to eliminate these aberrations. At the
beginning, the aberrations due to high-order phase-modulation
terms were efficiently suppressed by adding a correction lens
according to the Fourier expansion [10]. This configuration
was then improved by the use of only one electro-optic phase
modulator driven by first and second harmonics with a suitable
ratio [11]. This new configuration is also based on Fourier
expansion. In [12], a nonlinear least squares fit was proposed to
improve the method based on Fourier expansion, and an aber-
ration-free time lens over a large time window was realized.
Time lenses can be also implemented by nonlinear processes as
well, for example, cross-phase modulation [9], sum-frequency
or difference-frequency generation [7], [18], and four-wave
mixing in nonlinear materials [8], [19], [20]. Compared with
linear time lenses, nonlinear time lenses are mainly limited by a
series of nonlinear effects, which are typically improved by the
use of novel platforms, instead of linear high-order terms [20].
On the other hand, time-lens based systems also suffer from

aberrations due to high-order dispersion in dispersive elements.
The high-order dispersion in dispersive elements can introduce
spectral aberrations to a time-lens based system [18]. This situ-
ation becomes more serious when the input signal is ultrashort
[21]. Fiber Bragg gratings (FBGs) are one way of overcoming
these aberrations because FBGs can support nearly ideal disper-
sion with low high-order dispersion [22]. To improve the recon-
figurability, a Fourier-domain programmable optical processor
has been also proposed to replace FBGs[19].
However, the above-mentioned methods can only eliminate

individual aberrations due to high-order phase-modulation
terms in time lenses or high-order dispersion in dispersive ele-
ments. An alternative method has been proposed to eliminate
the aberrations due to high-order terms (including high-order
phase-modulation terms in time lenses and high-order disper-
sion in dispersive elements) simultaneously [17], [18], [23]. In
these reports, the aberration due to high-order phase-modulation
terms in time lenses and the aberration due to high-order disper-
sion in dispersive elements are proposed to counterbalance each
other. Previous work has proved that an aberration-free system
can be achieved using imperfect time lenses with high-order
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TABLE I
EQUATIONS MODELING FOR A DISPERSIVE ELEMENT AND

A TIME LENS WITH A TIME RAY METHOD.

phase-modulation terms and imperfect dispersive elements
with high-order dispersion. Thus the configuration for the
signal-processing system would be simplified. However, these
previous reports are limited to the elimination of aberrations
due to third-order terms in temporal imaging [17], [18] and
fourth-order terms in pulse compression [23].
In this work, we investigate the elimination of aberrations

due to both third-order terms and fourth-order terms in three
signal-processing systems based on linear time lenses, i.e., tem-
poral imaging, time-to-frequency mapping and frequency-to-
time mapping of optical pulse waveforms. We derive the aber-
ration-elimination conditions for these three systems by using
the time ray method proposed by V. Bennett [18]. These con-
ditions are then confirmed by numerical simulations. Finally,
a frequency-time diagram is used to analyze the elimination
process in order to illustrate the physical mechanism [24].

II. THEORY

To investigate the aberrations due to high-order terms, a time
raymethod was proposed to model the temporal imaging system
[18]. In the time ray approach, dispersion and time lenses can
be described by the relationship between the input time and
the output time , and the relationship between the input fre-
quency and the output frequency . The expressions for
a dispersive element and a time lens are described in Table I
[18]. In Table I, and is related to th spec-
tral phase due to dispersion and th temporal phase due to a time
lens, respectively. Note that , , , are th-order disper-
sion coefficient, normalized length of the dispersive element,
normalized time, normalized frequency, respectively.

A. Temporal Imaging

The input signals are usually ultrashort in many temporal
imaging systems [4], [7], [18], thus it is reasonable to consider
that frequency has a larger impact than that of time. Therefore,
in [18] the input signal is proposed to represented as

, in which is the frequency propagating
through the center of the lens and is some frequency offset.
In order to introduce the time ray approach, we demonstrate the
analytical process of eliminating aberrations due to third-order
terms as an example, although this conclusion has been pro-
posed in previous work [18].
A temporal imaging system consists of input dispersive el-

ement, time lens, and output dispersive element. According to

Table I, the output frequency and time of the input
dispersive element can be modeled by (1) and (2), respectively.

(1)

(2)

After propagating through the time lens, the output time
and frequency are given by (3) and (4), respectively.

(3)

(4)

where the terms including the product terms in (4) are
ignored because third-order terms (i.e., and ) are much
smaller than second-order terms. Finally, the output frequency

and time of the output dispersive element are obtained
as (5) and (6).

(5)

(6)
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where the terms including the product in (6) are ignored.
Based on the relationship between the output signal and the
input signal in (6), the magnification factor, imaging condition
and aberration terms are given by (7)–(9) , respectively.

(7)

(8)

(9)

where is the focal group-delay dispersion asso-
ciated with the time lens. Equations (7) and (8) are well-known
results for temporal imaging [4], which can confirm the above
results. Since the input signals in temporal imaging systems are
ultrashort, the aberration-elimination condition is obtained as

(10)

Besides third-order phase-modulation terms, the main aber-
ration in time lenses based on electro-optic phase modulation
is due to fourth-order phase-modulation terms [4], [10], [12].
Inspired by the pulse compression results in the previous work
[21], [23], we find that the aberrations due to fourth-order terms
can be also eliminated by each other in time-lens based sys-
tems. Using the time ray method, the output time of the tem-
poral imaging system can be obtained as

(11)

Therefore, the aberration-elimination condition is given as

(12)

B. Time-to-Frequency Mapping

The time ray method can be also used to model time-to-fre-
quency mapping systems. Because the input signals are usually
ultrashort [5], [8], [20], the frequency of input signal can be ex-
pressed as , too. The time-to-frequency
mapping system consists of a dispersive element followed by a
time lens. Therefore, (4) is suitable for time-to-frequency map-
ping. From (4) we obtain the time-to-frequency mapping factor
and the mapping condition [5], [14] as

(13)

(14)

And the aberration terms are

(15)

Because the input signals are usually ultrashort, the aberration-
elimination condition is given as

(16)

For time-to-frequency mapping systems with fourth-order
terms, the output frequency of the system is obtained as

(17)

And the aberration-elimination condition is given as

(18)

C. Frequency-to-Time Mapping

The temporal duration of the input signals in frequency-to-
time mapping systems are usually several tens of picoseconds
[6], [9], [13]. Thus it is reasonable to consider that time has a
larger impact than that of frequency. Therefore, the input signal
is represented as in time and in
frequency, where is the time propagating through the
center of the lens and is some time offset.
The frequency-to-time mapping system consists of a time

lens followed by a dispersive element. Using the same analytical
method, the output time of the system with third-order terms is
obtained as

(19)

Thus the frequency-to-time mapping factor and the mapping
condition are given by (20) and (21) respectively [9], [14].

(20)

(21)

And the aberration terms are

(22)

When the pulse widths of signals are large enough, terms in-
cluding can be ignored. Therefore, the aberration-elimina-
tion condition is

(23)
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Fig. 1. Temporal intensity profiles (inset) of input waveforms and temporal
intensity profiles of output waveforms in temporal imaging systems including
th-order phase-modulation terms in the time lens (blue dash-dotted curve), or
th-order dispersion in the input dispersive element (green dotted curve), or
th-order dispersion in both input and output dispersive elements (red dashed
curve), or all th-order terms (black solid curve). (a) . (b) .

For the frequency-to-time mapping system with fourth-order
terms, the output time of the system is

(24)

Thus the aberration-elimination condition is

(25)

III. NUMERICAL SIMULATIONS AND DISCUSSIONS

Numerical simulations have been done to confirm the ana-
lytical results. In Figs. 1–3, we demonstrate temporal intensity
profiles or spectrums of the output signals in the above-men-
tioned systems. In these numerical simulations, all group-ve-

Fig. 2. Temporal intensity profiles (inset) of input waveforms and spectrums of
output waveforms in time-to-frequency mapping systems including th-order
phase-modulation terms in the time lens (blue dash-dotted curve), or th-order
dispersion in the dispersive element (red dashed curve), or all th-order terms
(black solid curve). (a) . (b) .

locity dispersion coefficients equal to that of fused silica, i. e.
. In particular, the length of the input dis-

persive element and magnification factor in Fig. 1 are 1000 m
and , respectively. The length of the dispersive element in
Figs. 2 and 3 are both 1000 m.
Fig. 1 shows the temporal intensity profile of the output

waveforms in the temporal imaging systems. The insets are the
temporal intensity profiles of the input waveforms. A temporal
imaging system consists of input dispersive element, time
lens, and output dispersive element. Ideal temporal imaging
components must impart a quadratic phase, either spectrally for
the dispersive element, or temporally for the time lens modu-
lation. The departure of any realistic component’s phase from
this idealized form will introduce aberrations in the system
[18]. For example, when the third-order dispersion of the input
dispersive element and the output dispersive element are both
15.1 , the corresponding output waveform (red dashed
curve) will be distorted, as shown in Fig. 1(a). Compared
with the input waveform, the distorted output waveform shifts
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Fig. 3. Temporal intensity profiles (left inset) and spectrums (right inset) of
input waveforms and temporal intensity profiles of output waveforms in fre-
quency-to-time mapping systems including th-order phase-modulation terms
in the time lens (blue dash-dotted curve), or th-order dispersion in the dis-
persive element (red dashed curve), or all th-order terms (black solid curve).
(a) . (b) .

towards one side and some side-lobes are generated. Then we
turn to the investigation of the aberration due to third-order
phase-modulation terms in the time lens. Assuming that the
dispersive elements are ideal and the time lens has third-order
phase-modulation terms ( is calculated by (10) assuming

is 15.1 ), the corresponding output waveform (blue
dash-dotted curve) is also distorted, as shown in Fig. 1(a).
The distorted output waveform shifts towards the other side
and some side-lobes are generated as well. Interestingly, the
third-order dispersion and third-order phase-modulation terms
introduce aberrations with opposite directions. This result
implies that aberrations can be eliminated by the combination
of two different aberrations. When the third-order dispersion
in dispersive elements and the third-order phase-modulation
terms in the time lens are both nonzero, the output waveform
(black solid curve) has the same temporal profile as the input
waveform except for a magnification factor , noting that the
aberration-elimination condition is satisfied here. The result
confirms our previous theoretical analysis. Note that there

are two dispersive elements in the temporal imaging system,
thus we further investigate the situation when only the input
dispersive element has third-order dispersion. The obtained
output waveform (green dotted curve) is similar to the previous
one (red dashed curve). It confirms that the input dispersive
element plays a dominant role in introducing aberrations
for temporal magnification, as predicted in (10). Likewise,
Fig. 1(b) demonstrates the aberrations due to fourth-order
terms in the temporal imaging system (in which equal
to that of fused silica, i. e. 4.9 ). The curves
in Fig. 1(b) show that the existence of either the fourth-order
dispersion (red dashed curve) or fourth-order phase-modulation
terms (blue dash-dotted curve) can introduce aberrations. The
output pulses broaden and a center-lobe is generated. When
both of fourth-order terms exist and the aberration-elimination
condition (12) is satisfied, the aberrations are eliminated and
the output waveform has the same temporal profile as the input
waveform except for a magnification factor .
Fig. 2(a) shows the spectrums of the output waveforms

generated in the time-to-frequency systems with third-order
terms. Similar to the results shown in Fig. 1(a), the existence
of the third-order dispersion (red dashed curve) and third-order
phase-modulation terms (blue dash-dotted curve) can introduce
aberrations and the distorted waveforms shift to opposite di-
rections. Using the aberration-elimination condition (16), these
aberrations are effectively compensated (black solid curve).
Fig. 2(b) shows the spectrums of the output waveforms gener-
ated in the time-to-frequency systems with fourth-order terms.
In particular, the existence of the fourth-order dispersion (red
dashed curve) and fourth-order phase-modulation terms (blue
dash-dotted curve) can introduce aberrations. The bandwidths
of the output pulses broaden and a center-lobe is generated.
Using the aberration-elimination condition (18), these aberra-
tions are effectively compensated (black solid curve).
Similar results are also obtained in frequency-to-time map-

ping, as shown in Fig. 3. Note that the input waveforms are
wider than those of Figs. 1 and 2, as a result of our previous
assumption. It can be seen from Fig. 3 that aberrations occur
due to either third-order terms or fourth-order terms, as shown
in Fig. 3(a) and (b), respectively. Moreover, these aberrations
are effectively compensated (black solid curve) using the aber-
ration-elimination conditions (23) and (25), respectively.
Next we present the physical mechanism of the proposed

method. These processes are readily described with a fre-
quency–time (FT) diagram [24]. In this diagram, dispersion has
the effect of shearing the FT line clockwise, and the quadratic
phase modulation has the effect of adding the FT lines of input
signal with a mixing signal that has a slope of [24].
Due to the similarity of three systems, we take the elimination
of aberrations due to third-order terms in time-to-frequency
mapping system for an example. The temporal profile and the
FT lines of the input signal are represented in Fig. 4(a) and (b),
respectively. With the input group-delay dispersion, the FT
lines are ideally sheared to a slope of (dashed curves)
according to the mapping condition (14), as shown in Fig. 4(c).
Then the FT lines are mixed with a mixing signal which stands
for ideal quadratic phase modulation (dashed curves) as shown
in Fig. 4(c) and (d). Based on the diagram, we represent the
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Fig. 4. A time-to-frequency mapping system analyzed by the FT diagram.
(a) Temporal profile of the input signal, (b) FT lines of the input signal, (c) FT
lines of the dispersed signal and the mixing signal standing for a time lens,
(d) FT lines of the output signal, (e) spectrum of the output signal.

effect of third-order dispersion as curving the FT lines (solid
curves) and represent the effect of third-order phase-modula-
tion as adding the FT lines with a curved mixing signal (solid
curves), as illustrated in Fig. 4(c). The aberration due to third-
order dispersion distorts the FT lines to one side in temporal
domain, which is confirmed in previous work [18]. Similarly,
the aberration due the third-order phase-modulation term dis-
torts the mixing signal to one side in spectral domain. It can be
seen from Fig. 4(c) that these two kinds of aberrations can be
compensated by the combination of them under a proper condi-
tion. And aberrations in the output signal are greatly suppressed
(solid curves), as shown in Fig. 4(d) and (e).
In sum, we have investigated the elimination of aberrations

due to high-order terms under the aberration-elimination condi-
tions. In practice, these conditions can be satisfied using FBGs
or dispersion managed elements, because the high-order disper-
sion coefficients can be accurately designed [23]. Using a FT
diagram, the physical processes of eliminating aberrations are
clearly demonstrated. However, the representation is not very
accurate as the FT diagram require a time-bandwidth product
of to depict a signal [24]. To get a better description and
understanding of the physical processes, joint time-frequency
signal representation is a promising tool [22]. Based on joint
time-frequency signal representation, every aberration terms in
the time ray method could be associated with the practical phys-
ical phenomena, and further improvement on the quality of sig-
nals could be made. Finally, our method may be potentially used
in signal-processing systems based on nonlinear time lenses as
well. For example, the resolution of the system based on four-
wave mixing is ultimately limited by the aberrations arising
from the third-order dispersion [8]. Therefore, there is a require-
ment for the elimination of aberrations due to high-order terms
in signal-processing systems based on nonlinear time lenses.

IV. CONCLUSION

We have proposed a new method to eliminate aberrations
due to third-order terms and fourth-order terms in temporal
imaging, time-to-frequency mapping and frequency-to-time
mapping systems based on linear time lenses. The proposed
method permits one to realize an aberration-free time-lens
based system with simple dispersive elements and time lenses,
instead of complicated configurations. By using a time ray
approach, six corresponding aberration-elimination conditions
are obtained. We numerically confirm the aberration-free per-
formance of these systems under the aberration-elimination
conditions. Using a FT line diagram, we explain the physical
mechanism of the elimination process. In all, our optimization
technique is useful for a variety of time-lens based appli-
cations, such as ultrafast optical signal process and signals
distortion-free transformation.
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